Lattice QCD in a dual formulation with staggered fermions is well established in the strong coupling limit and allows to perform Monte Carlo simulations at finite baryon chemical potential. We have recently addressed the dependence of the nuclear critical end point as a function of the quark mass am q , and separately as a function of the lattice gauge coupling β in the chiral limit. Here we proceed to determine the dependence of the nuclear transition on both, am q and β , on isotropic lattices and attempt to pinpoint the critical end point for various β where the sign problem is still manageable.
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Introduction
The finite density sign problem hinders the direct Monte Carlo simulation of QCD at finite baryon chemical potential. As an alternative method, we adopt the dual representation which is changing degrees of freedom of the original theory to integer variables. The dual representation in the strong coupling regime allows us to investigate the full µ B − T phase diagram. We have studied the dependence of the nuclear critical end point (CEP) as a function of the quark mass am q in the strong coupling limit (β = 0) [1] . If quark mass increases, the critical baryon chemical potential increases and the critical temperature decreases. Hence, as shown in Fig. 1 , the critical end point moves to the bottom right direction. We also have presented the β dependence in the chiral limit in our previous study [2] . In these proceedings, we present the β dependence of the critical end line at finite quark masses in the strong coupling regime. We sketch the expected behavior of the critical line in Fig. 1 . If β increases, the critical end point of a certain quark mass is expected to move to lower temperature but the critical baryon chemical potential does not change much. Hence, the first order line shortens with increasing β . 
Setup
We use staggered fermions in the dual formulation [3, 4, 5] with gauge corrections O(β ) [6, 2, 7] .
where k b and f b are the number of dimers and gauge fluxes at bond b, n x is the number of monomers at site x, and 3 denotes a 3-fermion fluxes loop and f is a single fermion loop. n P andn P are plaquette (counterclockwise and clockwise) occupation number. N0 is the number of 3-fermion fluxes in temporal direction, r 3 is the winding number in temporal direction. N − is the number of 3-fermion fluxes in negative direction and ημ is the staggered phase factor. In this simulation, we fix the temporal lattice extent to N t = 4 and an anisotropy γ = 1. The lattices temperature is fixed to aT = 1 N t . If we change β , the lattice spacing a is changed but aT is invariant. We simulate for β = 0.0, 0.1, · · · , 0.9, 1.0 and am q from 0.0 to 0.5 with step size 0.01. We scan the baryon chemical potential aµ B for each (β , am q ) and find the critical baryon chemical potential aµ c . On the µ − T plane in Fig.1 , if the quark mass becomes heavy, the critical end point moves to the large aµ and low aT region. Because we fix the temperature and vary the quark mass, the first order phase transition occurs at lighter quark masses in our simulation. By contrast, a crossover transition is expected for heavy quark mass. At a certain critical quark mass (am 4 in Fig.1 ), the transition turns into a second order transition. First, let us consider the sign problem at finite β and am q . The sign problem comes from the odd number of fermion flux. In O(β ), only single and 3 fermion fluxes cause the sign problem and they are distinguishable. Single fermion flux and 3 fermion fluxes make fermion loops like baryon world lines in the strong coupling limit, and the sign problems is related to their geometries [2] . We distinguish these two types of sign problems and show in the Fig. 2(a) and Fig. 2(b) . Here ∆ f is a difference between full and sign quenched free energy density and sign is σ = exp (−N 3 s N t ∆ f ). In the Fig. 2(a) , the sign problem from 3 fermion fluxes mainly occurs near the phase transition region. We will see in the next section that the first order transition weakens when increasing β . So, the phase transition area gets wide in aµ. The single fermion flux sign problem increases with β as expected, but only occurs in the hadronic gas phase as shown in Fig. 2(b) . We present the combined sign problem in Fig. 2(c) . 
Analysis and results

Analysis of baryon density
Now let us consider the baryon density n
which is our observable to determine the critical end points, where V s is a spatial volume. We present our results of baryon density in Fig. 3 and Fig. 4 . In a first step, the critical aµ c is determined by data points crossing the blue band, which was chosen by eye to be sufficiently distinct from both zero and saturation. In Fig. 3 we compare the onset of the nuclear transition for β = 0.1 for two different quark masses and various volumes. At small quark mass, the transition is consistent with first order, and large quark mass weakens the phase transition. This also holds for Fig. 4 . If we fix the quark mass and change β , comparing Fig. 3(a) and Fig. 4(a) or Fig. 3(b) and Fig. 4(b) , we can see increasing β diminishes the phase transition. From the above analysis, we choose the aµ c and plot them with respect to am q in Fig. 5 . The small quark mass region results in a first order phase transition and the large quark region results in a crossover. As β increases, the first order region shrinks and the crossover is extended. Between these first order and crossover transitions, there is Because of the huge statistical errors near the critical chemical potential µ c , the analysis of the baryon susceptibility is difficult. So, we analyse the data using histograms to bound the critical end points. We use the data of a 8 3 × 4 volume for the histograms and the errors are computed by the bootstrap resampling method. In the Fig. 6 and Fig. 7, we quark masses, the histograms have a two-peak distribution. Clearly at this quark mass, the phase transition is of first order. For large quark mass, there is no two-peak distribution and the peak moves smoothly from one state to the other state with increasing aµ. There is no perfect two-peak distributions in the first order transition histogram because of finite volume effects, so we choose the lower bound for the CEP when two-peak distribution is clear that is shown in Fig. 8(a) . The upper bound for the CEP is selected when two-peak vanishes and a peak starts to move smoothly. This is presented in Fig. 8(b) . From the histogram analysis we can determine the upper limit of quark mass for the first order phase transition and the lower limit of that for crossover. Between those upper and lower limits, the second order end point is located. The critical line as a function of β is presented in Fig. 9(a) . In this plot, the left lower corner corresponds to the first order region and the right upper corner is crossover. As β increases, the quark mass of the CEP decreases slightly. This is similar for the baryon chemical potential as shown in Fig. 9(b) . To determine the error bars in Fig. 9(b) , we take the smallest and largest quark masses in Fig. 9(a) for each β . Then there are corresponding aµ c for quark masses. We use the range of these aµ c values to the errors of critical line in Fig. 9(b) . We determine the error bars from the histograms very conservatively. The huge errors in Fig. 9 are caused by the uncertainty and small statistics. The β dependence of both am q and aµ are linear in β in the small β 1 region.
Conclusion
We simulate the dual representation with finite quark mass and lattice gauge coupling β . Because this simulation takes into account only O(β ), we restrict to the range of β smaller than one. In this parameter space, the sign problem is still mild enough to use a sign reweighting method. We obtain the β dependence of the critical line using a histogram analysis. In the small β region, the critical line looks like linear, but still has large errors. Hence, the higher corrections of β are essential to extend this study to β larger than one and an important step in this direction has been addressed in Ref. [7] . 
